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Abstract. We introduce the crystal Mahler measure and we express the original Mahler
measure using the crystal Mahler measure. With this expression, we calculate the Mahler










∣∣∣f (e2πiθ1, . . . , e2πiθr )







log f (e2πiθ1, . . . , e2πiθr )dθ1 · · · dθr
for a rational function f (x1, . . . , xr ) ∈ C(x1, . . . , xr) was introduced by Mahler [M] in the
study of transcendental numbers. Owing to many researches we know interesting properties
of the Mahler measure containing relations to special values of zeta functions and topolog-
ical entropies of dynamical systems: see Boyd [B], Deninger [D] and Lind-Schmidt-Ward
[LSW]. Yet, the aspect of the Mahler measure connected to special values of zeta and L-
functions is still unclear and mysterious. The purpose of this paper is to supply a trial to
calculate the Mahler measure m(f ) via the crystalization mcrys(f ) introduced in [K1]:







f (e2πiθ1, . . . , e2πiθr )
dθ1 · · · dθr .
We also use the q-Mahler measure







2πiθ1, . . . , e2πiθr ))dθ1 · · · dθr
for 0 < q < 1, where the q-analogue of the logarithm function (called q-logarithm) is
defined by
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x − 1 + q−n . (2)














1 + t dqt .





[n]q (x − 1)
n . (3)
In the case of q → 0, q-Mahler measure mq(f ) goes to mcrys(f ). This technique will
enable us to give a relation between the Mahler measures and the special values of zeta












mcrys(1 + t (f − 1))
t
dq t .
THEOREM 3. Let mcrys(1 + λ(f − 1)) = ∑∞n=1 cf (n)nm λn. Put Zf (s) = ∑∞n=1 cf (n)ns .
Especially mcrys(f ) = Zf (m). Then m(f ) = Zf (m + 1) and mq(f ) = ∑∞n=1 cf (n)nm[n]q .
We will consider the rational function of the following special form.
THEOREM 4. Let h = h(y1, . . . , yr ) be a rational function in (y1, . . . , yr ). For a
positive constant λ, we set f = f (x, y1, . . . , yr) = 1+λxh which is regarded as a rational
function in (x, y1, . . . , yr ). Let v(t) = vh(t) be the volume (with respect to the standard
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In the text, we give several examples in §3 and §4. Especially we prove the following
results:
THEOREM 5. Let h(x, y) = x + x−1 + y + y−1. For 0 ≤ λ < 14 ,
mcrys(1 + λh) = 1 − 4
π
K(4λ) ,















L(2, χ−4) − 2 log 2 ,
where K(k) = π2 F( 12 , 12 , 1; k2) is the elliptic function of the first kind and F(α, β, γ ; z) is
the Gauss hypergeometric series.
THEOREM 6. Let h(x, y) = x + x−1 + y + y−1. For λ > 14 , we have












K(t)dt + log λ .
THEOREM 7. Let h = h(x, y) = x + x−1 + y + y−1. For a, b > 0 with ab = 4, we
have
2m(h + a + b) = m(h + a2) + m(h + b2) .
We notice that the equality
2m(h + 5) = m(h + 1) + m(h + 16)
obtained from Theorem 7 (a = 1, b = 4) is showing the equivalence of the two conjectural
identities
m(h + 5) ?= 6m(h + 1)
and
m(h + 16) ?= 11m(h + 1)
given by Boyd [B].
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2. Proof of Theorems 1, 2 and 3
Proof of Theorem 1. Let h = h(x1, . . . , xr ) ∈ C(x1, . . . , xr) and λ > 0.





































where h in the right-hand side is h(e2πiθ1, . . . , e2πiθr ). From this formula, we obtain The-
orem 1 by setting λ = 1 and h = f − 1. 
Proof of Theorem 2. First we note that



























where x and λ is arbitrary complex numbers with −λx /∈ {1, q−1, q−2, . . . }. Here lcrys(x) =
1 − 1
x
. The q-Mahler measure is calculated as follows:





































As is the proof of Theorem 1, we obtain Theorem 2. 
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m(1 + λh) = mcrys(1 + λh) ,
m(1 + λh)|λ=0 = 0 .
Proof of Theorem 3.


























= λn[n]q . Similarly,






This proves Theorem 3. 
3. Proof of Theorem 4
3.1. Preparation
LEMMA 1. Let h = h(x1, . . . , xr) ∈ C(x1, . . . , xr ) and λ ∈ C×. Then
m(1 + λh) = m(h + λ−1) + log |λ| ,
mcrys(1 + λh) = 1 + λ−1(mcrys(λ−1 + h) − 1) if λ is real .
Proof. The first formula follows from the definition (1) and
log |1 + λx| = log |x + λ−1| + log |λ| .
The second formula follows from
lcrys(1 + λx) = 1 − λ−1(1 − lcrys(x + λ−1)) ,







2πiθ1, . . . , e2πiθr ))dθ1 · · · dθr . 
LEMMA 2. Let λ be a constant in C.
(i) (Theorem 1 of [K1]){
m(x + λ) = m(1 + λx−1) = log+ |λ| for all λ ,
mq(x + λ) = mq(λ) = lq(λ) for λ > 1 ,
where log+ t = max(log t, 0) =
{
log t t > 1
0 0 ≤ t ≤ 1.
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1 + λe2πiθ dθ =
{
1 |λ| > 1
0 |λ| < 1.
(iii)
mq(1 + λx) = (1 − q)#{n ≥ 0 | |λ|qn > 1}







if log |λ|/ log q−1 is not a non-negative integer. Here we denote by #A the num-
ber of elements of a set A, and by [x] the greatest integer which is not greater
than x.
Proof. (iii) We calculate the q-Mahler measure in two ways. First










λx + q−n dθ















x + a =
{
1 if |a| < 1
0 if |a| > 1 .
If |a| = 1, then the integral diverges, while the principal value has its meaning and the
value is 1/2. Then we have the formula
mq(1 + λx) = (1 − q)#{n ≥ 0 | |λ|qn > 1} = (1 − q)([log |λ|/ log q−1] + 1)
if log |λ|/ log q−1 is not a non-negative integer. Especially, mq(1+λx) = 0 for 0 ≤ λ < 1.
There is another way to derive the formula above by Theorem 2. That is,











= (1 − q)#{n ≥ 0 | |λ|qn > 1} ,
where ch(1,∞)(t) =
{
1 if t > 1
0 otherwise.

REMARK 2. Note that if |λ| = 1, then the integral arising in mcrys(1+λx) diverges,
but the principal value turns to have its meaning and its value is proved to be 1/2. The same
remark is applied also for mq(1 + λx) in the case −λ = 1, q−1, q−2, . . . .
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3.2. Proof of Theorem 4
Using Lemma 2, we have























vλh(t)d log t .
We note that vλh(t) = vh(t/λ). This proves the first formula. For the crystal Mahler
measure, we have





















1 if |λh| > 1
0 if |λh| < 1
}
dθ1 · · · dθr
= v(1/λ) .
Finally, for the q-Mahler measure, we have












λe2πiθh + q−n dθ
)
dθ1 · · · dθr










1 if |qnλh| > 1
0 if |qnλh| < 1
}
dθ1 · · · dθr




























= m(1 + xh) ,
which reproves the identity in Theorem 1 for f = 1 + xh.
Also, it is helpful to express the Mahler measure in more explicit form. In the follow-
ing examples, some special values of zeta functions and L-functions are expressed by using
Mahler measures.
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3.3. Example 1
In this and next section we describe examples for Theorem 4.
EXAMPLE 1 (see [K2]). Let f (x, y) = 1 + x y−1
y+1 and h(x, y) = x y−1y+1 . Then we
have the several Mahler measures of this polynomial and the related special values:



































In each of these three formulae, the first equality holds for all λ ≥ 0, while the second
equality holds for 0 ≤ λ ≤ 1. (In fact, the last series of each formula converges for
0 ≤ λ ≤ 1.) Put









as in Theorem 3 with m = 1. Then
mcrys(f ) = Zf (1) = 2
π
L(1, χ−4) = 1
2
,












− · · ·
is well-known to be Catalan’s constant. Note that v(y−1)/(y+1)(t) is the volume of {θ ∈





sin θ dθ .
3.4. Example 2
EXAMPLE 2. Let f (x, y, z) = 1 + x y+1
z+1 and h(x, y, z) = x y+1z+1 .
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First for 0 ≤ λ ≤ 1,





























(1 − 2−s)ζ(s) ,
then





m(f ) = Zf (3) = 7
2π2
ζ(3) .
These are shown in [O].
Next, we remark that v(t) = v(y+1)/(z+1)(t) is the area of
{(θ1, θ2) ∈ [0, 1]2 | | cos πθ1| > t| cos πθ2|} .
This means that v(t) + v(1/t) = 1 for all t > 0. By Theorem 4,
mcrys(1 + λh) + mcrys(1 + λ−1h) = 1
for all λ > 0. In particular,
mcrys(f ) = mcrys(1 + λh)|λ=1 = v(1) = 1/2 .
By Theorem 1, the following duality for the original Mahler measure holds:
m(1 + λh) − m(1 + λ−1h) = log λ
for all λ > 0. This formula enables us to have the explicit expression of m(1 + λh) for
λ > 1 from that for 0 < λ < 1.
REMARK 3. We notice that there are many trials to calculate Mahler measures in
[B] [BRV] [D] [L] [RV] [S1] [S2].
4. Reciprocal polynomial
We consider the Mahler measure of the polynomials of the form 1 + λh with
h(x1, . . . , xr ) = x1 + x−11 + · · · + xr + x−1r .
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4.1. One variable
Let h(x) = x + x−1. Throughout this section, we assume λ to be a non-negative real
number.
LEMMA 3. For 0 ≤ λ < 12 ,
m(1 + λh) = log
(






















mcrys(1 + λh) = 1 − 1√








Proof. By using log(1 + t) = ∑∞n=1 (−1)n−1n tn for |t| < 1, we have
































Similarly, using the formula (3) we have


















The proof of the formula for mcrys(1 + λh) is similar.




2 > 1. Then
m(h + λ−1) = m((x + b)(x + b−1)/x)
= m(x + b) + m(x + b−1) + m(x)
= log b + 0 + 0
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from Lemma 2. Thus we have
m(1 + λh) = log λ + m(h + λ−1)
= log(λb) .

On the other hand,
LEMMA 4. For λ ≥ 1/2,
m(1 + λh) = log λ ,
mcrys(1 + λh) = 1 .
Proof. Since 0 < λ−1 ≤ 2, there is a complex number a with |a| = 1 such that
a + a−1 = λ−1. Then by Lemma 2,











− m(x) = 2m(1 + x) = 0 .
Hence, Lemma 1 implies that
m(1 + λh) = log λ + m(h + λ−1) = log λ .
By Theorem 1,




Thus we have proved the lemma. 
4.2. x + x−1 + y + y−1
Let h(x, y) = x + x−1 + y + y−1.
Proof of Theorem 5.
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Similarly,






























































= 1 − 2
π
K(4λ) .
By Theorem 1, this implies that






















































1 − (1 − u sin2 φ)−1/2
) du
2u





















1 − s2 dφ (v = s
2)



































dφ = L(2, χ−4) − π2 log 2 .
This proves the required formula. 
Note that m(h + 4) = 4
π
L(2, χ−4) has been proved in [B], p52(2-8).
LEMMA 5. Let h = h(y1, . . . , yr). Let v(t) = vh(t) be the volume of the domain
{(θ1, . . . , θr ) ∈ [0, 1]r | |h| > t}. Then























dθ1 · · · dθr .
We use the formula
1 − mcrys(x + x−1 + a) =
{
0 if |a| < 2 (Lemma 4 and Lemma 1)
1√
|a|2−4 if |a| > 2 (Lemma 3 and Lemma 1).
Note that the function mcrys(x + x−1 + a) is not continuous at a = 1.
Then






F(|h|)dθ1 · · · dθr ,
where F(t) =
{
0 if 0 ≤ t < 2
(t2 − 4)−1/2 if t > 2. Hence
mcrys(x + x−1 + h(y)) = −
∫
F(t)dv(t) ,
where the right-hand side is the Stieltjes integral. 
Proof of Theorem 6. We will apply this lemma for the polynomial h(y) = y+y−1+a
with a = λ−1. First we calculate the area v(t) of the domain
{θ ∈ [0, 1] | y = e2πiθ , |y + y−1 + a| > t}
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for t ≥ 2. The condition is equivalent to |2 cos 2πθ + a| > t . This is equivalent that
either 2 cos 2πθ + a > t or 2 cos 2πθ + a < −t . But the latter case can not happen since






cos−1 t−a2 if t − a < 2
0 if t − a > 2 .








1 − ( t−a2 )2
−1
if t − a < 2
0 if t − a > 2 .
Hence by Lemma 5,




















Note that 12π K(
a
4 )|a=0 = 14 . Thus by Lemma 1, we have








Finally, by Theorem 1, we have



















































K(t)dt + log λ ,
where we have used
∫ 1
0 K(t)dt = 2L(2, χ−4) for the last equality. 
REMARK 4. We may state Theorem 6 as




K(t)dt for 0 ≤ a ≤ 4 .
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Note that
m(h) = 0 ,
which can be proved directly as
m(h) = m(1 + x−1y) + m(1 + x−1y−1) + m(x) = 0 + 0 + 0 = 0 .
4.3. On a conjecture of Boyd
Let h = h(x, y) = x + x−1 + y + y−1.
We start with the following formula.
LEMMA 6. Let λ′ > 14 , and we set λ =
√
λ′
4λ′+1 . Then we have









m(1 + λ′h) + log λ + 2 log 2 .








= (1 + k)K(k)
for k > 0. We set t = 2
√
k



















1 + k .
Note that 4λ = 2
√
1/4λ′
1+(1/4λ′) since λ =
√
λ′
4λ′+1 . Then 0 < λ < 1/4 and















































+ m (1 + λ′h)+ 2 log λ + log 16 .
This shows the lemma. 
Proof of Theorem 7. We use the same notation for λ′ and λ as Lemma 6. By Lemma 1,
we have
2m(h + λ−1) = m(h + 16λ′) + m(h + λ′) .
Putting a = 4√λ′ and b = 1/√λ′, we have the required formula. 
In the case of a = 1 and b = 4 in Theorem 7, we obtain
2m(h + 5) = m(h + 1) + m(h + 16) . (4)
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We notice that Boyd [B] conjectures the following two equalities
m(h + 5) ?= 6m(h + 1) , m(h + 16) ?= 11m(h + 1) (5)
from investigating isogenies between associated elliptic curves. The conjectural equalities
(5) would imply the equality (4).
We also have another special case a = √2 and b = 2√2 in Theorem 7
2m(h + 3√2) = m(h + 2) + m(h + 8) ,
which is related with the conjectural formula
m(h + 8) ?= 4m(h + 2) .
Remark that both of the special values






















appearing in the conjectural identity (5) have the integral expression with the same domain
of integration [0, 1/4] and with the integrand expressed in terms of the elliptic integral K
of the first kind. This may give an insight into the conjectural identity.
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